0,

Ca?ogero- Moser SljS{:cmS; A croserQa(s

[ majc)nema.{'tcs owto.i Pl'\njstas

\, What ace Co_Qoq\e,m— Meoser SthJC&W\S?

Ge_v\eraﬂ olaerLP‘\.'Con: jh{:aarQng l\l-—po.r(:fcﬁe_ /)lj\'l:ems

(on Qima or r‘m%), c\aarahckgrfz-ego [Z)'a 'W&e_rogc[c[oms c—e
EQQC\oHC, \rujyer\uog[c_, {r\‘joV\OMaJTrfc of ral:iwmﬂ ‘\’nﬂ)e:

Q—Fe,rioaQ Qeucj L/_L\[ (300)
I«pe_rioo\ QQUJ 1T (kﬂc] i 1 (hljlp )
O—Pm'Ool Oe.uJ > T (ral‘-) /

Versio\ns i Qlassicaﬁ /cTuo.mJCum, nOV\F?oD\aJIi\/iS{'\‘C /re QQ_‘:‘IU\‘S ‘{'EQ

A, The Y\onr&Qaitvts‘l:\‘c case
g‘wn\o\e.& £ase c\asstcaﬂ honrial“\vfs\'(c fal'tomaﬁ CM:

Z g 2 Vlxx) Ve =4 @)

2
3=t 1ejeken X

r—
——

wk'

To ﬂ‘-E T -W, take V(x) &e'u@Q to
"vﬂ/siv\\nz('vx), fvl/sim? (rvx), ?(x; W, w’)



®

Reminder ; For HQW\LQ'EOV\MV\ H(x,P) on ?L\qsg

QP&QQ 5)_ s \R?-N wikh C—o\vxowCCaﬁ A%W\\oleektc '%Bv-m
|

N
LY = S, O\KS A OQF) i H&mi“.‘on/r e.a'u.akfo\zxs are ch\Jew ‘Lué

).':
P Linst order system
*j A ar. H, P, :—ijH, y=lo N

;
Also the nolubion +o thts ODE sustem lﬁ‘\eﬂol‘z a \-Para\mel‘er
Plow &M of canonical transformations on 1. Now Hixp)
yieds an tnteqrable ayskem i thece exnt N tndependent

Hawiltontans H, H Cincuding H), whose Elows comme

This can ()e e_x?re_ssnzol via

)

ng’ Hqg =9, k it I
with

i"—, 6; (x,p) = EN_ (5,( E éP Gis BP 3 'éx‘ G) (Poisson beacke)
Lo e ) )

Y adl

For abeve H, Potsson cewmm»Jctw% Hawilbontons are qlven Jbud

N N
H\ = )Z-; ") A le H, Hk: 'l': 52;' ]’)l‘ * \owe_r orole_r 3 fj’ \<___3,__'I\J

Quawlci%a\:ww : JCQ\(e Y’) —> % ng = I|;). Cﬁ :?lancl(:s CS.F 3
wWikh %uikcﬂolg orMiﬂ% %or k)z' %d: N Commuj:tvua ?D OS“



©
1B, The relakiviskic case

Le-‘: cCSo be J>r)ee_ol og Q«.cﬂlﬂ{ gQ{ \?)::I/C OKV\O( thCfOOlM&

H= M 2 cosh(pp) T 80x-x))
b= M k2 h
N
P-=M53s snh(a®) T ,
P (%—!‘%)k;ﬁ) P x“)

C\r\oosing gi(x) = 5 Y Cx) LV\AFQC&S

g H,P g =9 ({'f‘ams chl'l‘on nvariance )

CQQO.rQ(a X

{H B} =P
] B:- -M 2- >< (LO('C.V\'E-?. LOO?[’)
(.87 =pH =4

ona Jca\(mcs o=l b= 9 [L/M2 ensures

V\r

Qi (H-N_!:g_,)z ;2 p + i = (x-n,

b >o X M j<k
L ? Z_ ‘9 = ?hr
b>o 3=

o o GeJc reQa‘rMs‘hc version oYr f\ov\relal'i\/hjr{c_ CM sxﬁs\‘ems

As a Eov\ug' CKQ'JC ?aissom cowmul:{wa Ha\miﬂ:ontmg

8, = 2 explepZ B)T Foy), Uar, N

% 6 K] J]M
IR \ k¢]



Quamjt{z QI:(OY\. ® g\noqul\ va‘:erprejc

exp (Q/(;j//\/\) = exp (—i %;’Sx )

)

as "‘CYO\V\SQQ‘L\\OY\, e,

(-T; \\’)(x,,.., K 5 ony X ) Y (%, .. %" A 4 o KM)

Mc

He\r\ce, the c]uam":uwx HQW\{E{'OW‘Q\AS giﬂ (x,—I'\l& vx )
are qvxaQtz:‘)r{c olu‘.?-?erevxce oge.ra}om ( AAOS).

¢ Need b g«.nol iw\:e_q‘ro.,\a\e qquhza-\-{on,f.e, Omlerima
Suc\n ‘\:\r\a}c ,c\rw. HQM\‘M:OVHQ\AS’ o le[u.!’,‘Q;

[ S'_"_Q 5 S*\M] '-'-O., | zQ)\N\:\,...,M

® g oQu.\:io\«\ . s c\,\% S’uf‘!:a.lo\e gac%o\r‘(% OA'{OV\ ?(K) = E(x) E(x),
%e'c C.ommu\tivx% A A O¢

6 S0 T Ll Trenee - TL Ligon)

ké]
e For # (x)=1+ sin' T i s\quol take ﬁ (x) = 9‘\"‘%(”’(*__“)
Sm\n A X 2 sivnh (vx)

) kau take swh — b)eie.rs’c(a.E G-—?-u\/tc-t\‘o\z\, A & (x)

%o 3@‘: C.omvvml:{w% AHOs o? )Cuwe.‘&_,
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1C. G e.hero.Qi%a.Hov\s

® Ry\aQuj‘—Cc Covx‘\:i\f\\AQ)(\'OV\ n X; \-&ieﬂ&ls %\453)52\/\/\3 with
two 'c\«\arqcs' ( /sinh Y- - i/COSL\zla , rgpuostu.g > aH:v‘a.c‘l'i\Je)

e Above CM correspond to A ot system; there
dso exist CM versions for B C D ,8C, §, €, & F C,
and for Ehe super Lie aﬂﬁetm root systewms
o Verstons with tntemal degrees of freedom (apins’) ext
o Limks of above yiedd other tmke.cbmtle Mystews
— vartous exemal deeld couplivgs n Aype T-T
— ¢pin chaine (Haldane /ﬂ\qumﬁ, iu\o%eml:sw)

—— TO o\o. %\.’QL.'QW\E

ey dO.Q.!Ca. g\;LVLQL\‘om \:)0%0\/\ %GLR

. RQQQ.‘CCOV\.S wl‘c\r\ o’c\r\u‘ area S

Preamble . CM SljS\:Q,\MS’ have kies with a c}rm} wiany
sublields n «?\mjeics and wmakhis, Ofteu, Yus tnvolie, the
‘\f\eu& o'oje.c}s encayps LLQQJCMOX the ex-po;fc(!: f}OIZu_l'TU\A Yo the
otnk Hamilbon /Scheidinger equations on bhe

cassical /quantum Devd | namely, the ackion-angle
\mo—»P /éotw‘c &C%W%\AMC)CEOV\ ‘Ercxvx%?orm, \Y‘Q%Peejftveﬂ,(j,
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R (v\ovx—ex\f\a.us)rive_) Q?slt now %o\\ouog, rouﬂ\(\\lﬁ w order Oe
g)uue. w\o)c\r\s — aprfzo\ W\o.lc\f\% — \o\f\u?rch_s

—~p
® S\jmple.e-\rfc. aeowxel:nﬁ (W\OW\QV\xT W\Q'P' M&WO\QV\— LS?.MS\'QCV\

ceducekion, ackion- amoAQe "C\ne.ortg )
@ uQﬂe[sraEc Oieo‘Md:ﬂA ((Riaw\avw\ %\MQQC&S, ﬁa.co'ofavm

variekies, theba Lunchions, Raker - Akhierer %ume%‘omg)
¢ Lie qroups and Aymmereie ppaces, Lie a.b%f_l:-m3 anol
vook Atﬁslce.ms, representation Jc\\e_e\ma , and ’quqvnlcuw\’
verstons of oll Bnese (91 corresponds Yo ¢ w0)

o combinaterics (as rellaked +o \Pc\%\aomfaj? of Qskey-Lilson,
Rall. Litte weood Mogac;[tl’)maiok, Koo inaler ‘nﬂ)e)

e special funchiens of Heun, Lame), }L\ape.rojtowzl’\rfc
jt\jpv-, omd. " relakivkie’ cmGJocys : wulbi-variale vernens
Phereed , and gqeneralired gammo fumchions

° theory of QV\QJ%;L illerence equakions (Schri ol/cwaer
equation for BO0s)

e Nevanlinne Jc\«e_orta

o Hilbeck mpace tssues (&taﬁam%\xmc}ﬂ‘w\ expansion ’c\«e,o.rb{,

‘Zo.\,g- ao\gomjcvxe_sg /13 ome).ﬂr% ﬁu,e,sxn‘owe, };c_qulcui\/]% J(\\ur\éf)



@ CQa.ss{co,Q SoQﬂ:on \:\ne.oné (Jc\r\e Jbop.{)cOV\ SoQuL)n‘ovxS e£ @

many nenlinear 2D evolukion cquakions can be cbbained
Crom the relakivistie \\\Wuhof&ca CM Aystems)

® catum\lmm qolikton Jc\weni (‘pm)ctc_\e wunber and mowent
c.ovxeeme&, Sca.)r\tc_rtvxc% gaejco-rt'teg)

& Belvable modals T shedtsbieal waekasaies (- andl §-verlex
XX 2 and XY72, Pells medels)

o random wmabrix theory (special ccuphv\f]a i CM)

e 2D Yang- Mills (on the cirele )

e 4D Su\ﬁg'g\ﬂw\me)u‘{c qouss g?te(w[ w\oaLa(':a (Seclsdg—\/sijfkﬂ i{\wq_\

& ﬁ\AQ\(\'\]\AW\ C\’\G..Ofa (_Qé_\}e“i \"'OJP b{ig”\ O""x)

IM‘)"QG\”@", CM Quas&ms Wonse c,enne(;La‘mS L«‘-’i%_:

® SkQui anin, a?()rme Hﬁec\m_, Kac-Mooo{yg\/\‘raSorOj \/\()—a‘vﬁtllmﬂ
PY

Rasnleve Knizhnik- Tawmoled chikov, Hem% SBaxter, WHVV eqs.
® H&c\r\m, GCLL-»LOL‘V\, W2 N W ctu«\ol WA \

ey L% \mool.r 'S

® O(nu"a}:e«”% OE Dumk-g, C\nareoim\-( m\o{ ?o\\jc\\f[ ﬂqlf.cs L‘li ])(.
® \—\xua\cx@\gd (M'C\\C\‘,P\e

& \JCSpechm,O. ‘(a)ftuo_,m



3. T‘ne reQa.)cfon '\:o ‘Hf\e stne - Gorolovx SOQC)C(:MS

Consgioler N - soQ Yon QOQULL’\OV\ to Ehe sine- GorJLovx 2q.

(P - CP = sin (o),
€.q. %or N=3
N [ /
N ' / f(T )
o N = "/ CF "3
~ .
5 /
\\\ /' J
/I/Q\\ (P (O,la_)
/) PN N
/| N
,/: \\ , ( _r_
' B P -Toy)
| N

4 C\Aa.ra.d:ercsjc{c ?eo.lcu_rm, ?rcseruwl umoLer C[uanjti%a)rtow:

Cownser va:l:iovx OQ— wmow QM.EQ.

g Soncon S‘Ca&:.rimﬂ
%ac‘coﬁ%qjciovx c?. p\qan g’\n(g\: h

F'a_c‘: . _l—ke T=-T/a \'\ er(ooQic reQa.Jciuieric CM s gjcevv\
Pl Yatew
Lttchle e sasme 2olibon ?ca&arivx% on the c\ass{caﬂ Qeuj

Qovxie.c:\:u.re - This remadins 'Eruua. own Hr\g a[uawkum Qeue,o_
CT\A{S 18 'P(‘oueo\ gor N = 2-)




O,

Specig—imaﬂj, t)gsivxcz '\‘.\(\e. (Poisson (‘.ommuhn%
quce—-b:'mc_ 'ErawuiQ o)c-tow o&,avw.ra)com

N .-——
H = cos\\(\o) coth (%-X )/2

3 =\ \<¢j
0. % ginh (p) T coth (%-1)/2,
J=! k#j

olr_?-wv. ‘\:‘\f\e %Pau \:tW\e ‘DQ.V\ole.{ %vaem.o.t'écol POS\L\OV\S

“ "3“"3”’-(@- o (r:,p));‘, j= e N
Then the -\zuvxcl:ton
" ‘PU: ‘3) = 4 Z Arckan (e

)....l

\S an N qu x:on solu)nom '\TO (P Cf = SlV\CP Qe.clu.«truag

X(Euj)

%&U:,u&) =0 \aie\ols sollikon g?a&e —\'iw\e ‘Em.jec)rorles %5 (t):

('DI (T, 5)

¢ Cory)

¢ (-T, y)

>

() S< re?eQ, !ou.": X3 a.&rogck (Colc\f\-% “:an\a)

e N=2 qua.n\'uwn corre_spov\o\o_mce_ tvxuo\ues ’raQa.l.-tuYchr;

\m,“a e_rqe_ovv\e_]cdc '_?uvx c)r\‘ow
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4. The ‘relakivistie” huypergeomekeic Punction

4&_ Some_ &F:arcminoters

G&Q.ss geries %r the ‘m.)\pucﬂeowte{rte ?\L\nc‘l‘iovx

F o(ob,c;w)= > e he 1@, w" |
21 n=o0 T(a) T(b) rCcen) n! ? st

Pma&,’rtc contivuakion to Mrcj CwlT via Barnes ﬂteggijca"lfin

_rd.% (——w)-u, TG T C) | (a-12)T(b-ie)
C arTlc-id) (o) T (b)

with € olc?—ivw,cl LL&

?u‘{:{'inﬂ
Y (,9,55%,p) =, F Glar§r D) Lg+5-1), g4t ; —skivx)
Bicqtis S‘o[).wltm +o gc\nriiollujcr eclua-l{oy\
Hy =(pz+ vt(j-rgf') \P’ Hz -—-'31-—2\1 [‘lc{h("!‘)-""i th ("”‘ﬂ 3,(

Need wu?c)\r\lr S—v»vme,':{On sim'\\a,r&\é bo ohe.l: C,a.\oﬂtro—Moso_r
(BC,) Porm -2 +v'q(q-1)V/shtvx ~v*q(§-1)/chPvr + st



4B. The b Perbop_xe qamma ‘Puvxd'\On

Fix a,,a_> o, rwl' a.=.(a++q_)/:.‘De%m \\wﬁ‘”qfc G "?"‘c' b‘é

1”45( Stnayz __ _ _ % T
Gla,a,2)= a:c\:[ g-g- 2Tt gy b o) ‘:“:3)]’ mel<a

Tc rl-;“gwl-_ Yropu"'(cs

— G mcromw?)lic Socu)ﬁow ‘ko AAEs (c-v\a%kc J-:?—FU"“\CQ Q‘t%.)

G Griag/s) _ wialk -r )
G(2- m$/z)

— CQlealy, B(-2)=1/6(z), B(a_,a,;2)= B(a, a_;?)

G (na,Na_y?¢) = Gla,,a %)

— Ze.ros G.V\i ?olc: &F G 3,{\4 ew )g\j T l_?."
4 e
2ervs
I R e

R Le.H:‘mcj 35-?,{_\4 G, €50, qe'-'.:mﬁx (th,a_), owe )'laS

?o\c ot 2=-ia dtmplc Wil residue i‘fl’ Q.a_

s TT% . 2 Re t 0
-\:3(% )= - el ( )+O(e~xp{:t £ TA )‘t]) 2=
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4C. The R- -?unckion

Fix ‘CourQ\‘wa cows\'au%s' c e(o, oo)" v)ucla that Sj <ea, wWQ\

S = Co*'c.'@{, Slac,+¢2—%f, S; T CotCy. I hen set

5 n
?\(q_l_,q_,c.;v’v):: o gdf I(a-hq—;c ) V'V,E),
UQ_.,Q, e
with

_ ‘ A oA A
1z F: Cco,v,z) K(qha‘ﬂc 33)F(C03V1'Z)a o= ':(z—(c°+c‘+cz+ 63)9

F(c‘-; 2) = G(%+3+io\—-id) o
! ( (-2:_-0) )(3 ’ ‘3>’

K(‘M,C\_,c; t)

Il

FI’OM G —a.uauP{-o-lv{cs %g{’,‘
T (9= O(cxp[‘f-lﬁe (-‘;:-:+-;—’ )]), Rezg—s + 0
.‘a ? well olef't'\nui, mcrouoqolv?c \n v,C, auqlnkc %or Rev, RcC,ao_



4D, The \mﬂe_rlao().cc Rsketj-wi?SOn ROO0s

(De_%‘ninﬂ

1=

0 © 0 —
O — O ©
00 — o
— 0 ©O o

|

1]

+

ei-'jc C—";C+Cj

hote Aymmebey propeckies

R(Q*,,Q_,C', VIO): R(C\,‘_,ﬁ,,a;o,v)

RCQ...,Q__,C ;V,?I):: R(G_,q+,IC;V,G)

Now put
55(4)531'\('5-;%) c:(%)"‘dm( -&) S =4 -

QWA iv&roiuu AA Os Cawacakc_ J-(Wrcrthe o?ual.-ors)

AECC"'Q):Cg(‘J)C_'T |)+ C(—g)(l +2CE(2¢C )

with
C (%)_ Sg(y- ;c.,,) Ci(“—\q) Ss_i-tc -tq_g/z) e (J ieg—ia_g/2)
s¢ (y) g (3) S (3__ ux_s/a) ¢ (j—la_g/x)

(T, F)(4) = T(y-a), oeC
Faeh R is ‘\otnl: dﬁe.wgv\c. V? pq.(c}")f A_CIC;V), A*(E;C), R__(T.a"\\l)

ac_ (2 o)’ ag, Cav), 2¢_(av),

A
with eiaf-nvalu.e_s ac,(2v),



4F, Furbher R-feakures @

@ The Spedae—i%a—l:ton
Re:v, i£o+i\n a_]= ?h (c+(av))’ nel\)

%KQ\AS ?ol‘jnomlois ?r\ (K) OG A_g_ﬁf'e.e. n; ‘Hr\es& ale
the Eis\(ur \/Oilsom ?o\wnomtals.

® A re,pa.ro.m&rite,ol awvol wag\qlz—gune‘ion simi[ad‘n—
-(:ra.wsgorw\c.ol VersSion E(y‘,v"&) 9£ R(C;v,’\\l) L\&s
'Dq_-_su)vvxmc,\rnd tn the Pa._ramelte_f‘s ﬁ""Ys‘

@ 'T‘n,;,s ?u.vw_)don \'\q.s Plom.e-wcu/g a_sqmpl?ol:?cs

\E.Cx; v,@) ~ Q_x‘o (zﬂi va/@a_)+ SQ‘,Q))exP(—ITﬁ vs/q'a_)’ V> 0o
wtw S a \o\r\asg; i \o’teﬂo\g o cjuxe.rap,(%e.ol CofFvie

-l:rawsgom on B([O,w),o(v) H\al— > unilimd %or ¥ ina Po‘tﬁfope.
@ In a Qa..ﬂ)u‘ po\uj\:ope. Q gtm‘\'c nu.mlmr of- bounol s{’a.l‘es'
occuys, (,)(erLiv\% ‘l’-\r\{ DHL\ -3?&ctrum u_Pov\ spcctaaf%tn}

¥ bo i sine -G ordon va.Quc.:,
® The R--guv\chom Cawn ‘oc l’:teal n wi"a F&AAQ:U,S
nokiown crg- wodular &‘wavx‘tum group (f u,ol_guﬂ’)_




